The full automorphism group of the Kulkarni surface by Turbek, Peter
REVISTA MATEMÁTICA de la
Universidad Complutense de Madrid
Volumen 10, número 2: 1997
The fuil automorphism group of the Kulkarni
surface.
Petor TURBEK
Dodicated to tite vnernery of Siteela Pitanaalkar (1966-1990)
Abstract
The fulí automorphsim group of the Rulkarni surface is explic-
ití>’ doterndned. It is empioyed te give three defining equations
of the Kulkarni surface; each oquation exhibits a symmetry of the
surfaco as complex conjugation.
Xix [1] and (6], Accola aixd Maclachian dotorminod tItat for oacb genus
g =2, Hiere oxists a Riomann surface which admits 8g + 8 automor-
pItisms. TIte>’ also preved tItat an automorphism greup of largor order
cannet be uniformly constructod for over>’ genus. lix ¡5], Kulkarni ana-
lyzed whother tIte famil>’ constructed by Accola and Maclachlan is tIte
oid>’ famil>’ of Riemann surfaces whose mombors posses Sg + 8 automor-
pItisis. Ho preved that if g 0,1,2 mod 4 and suflicientí>’ largo, tIten
tIte famil>’ constructod by Accela is unique, Itewever if g 3 mod 4 thero
oxists aix additienal famil>’. Members of this famil>’ hayo subsequentí>’
heon namod Kulkarni surfaces. Kullcarni showed that thoso Riemann
surfacos Itavo aix automorphism group isemorphic tedie group with tIte
fellowing presentatien:
<A,B A2~~2 — E4— (AB)2 = 1, E2AE2= A~~2>. (1)
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In [4], a defining equation fer tIte Kulkarixi surface is computed. After a
birational cItange of ceordinates, tIte deflning equation exhibited in [4]
becomos:
— (x — í)x~1(x + 1)9+2 — 0 (2)
Recail that a symmotry of a Riemann surfaco la a bijectivo, antiItolomer-
pItic involutien. In ¡2], it was determined tItat, in additien te tIte auto-
merphism group of order Sg + 8, each Kullcarni surface pessesses tItreo
conjugacy classes of symmetries witIt fixed points. As is well known, te
eacIt class of symmetry a deflning equation witIt real coefilcients can be
givon wIticIt oxhibits tIte symmotry as complex conjugation. In additien,
sinco tIte tItree synunetries Itavo fixed points, the deflning equations fer
tIte surfaco admit real selutiens.
In this papor we explicití>’ determine tIte fil autemerpbism group of
(2). We tIten emplo>’ eur results te yiold three deflning equations of tIte
Kullcarni surfaco in wIticIt tIte symmetries are exhibitod It>’ conjugatien.
Throughout tIte paper, lot y be a fixod integer congruont te 3 mod 4.
Lot O be tIte group dofined in (1) atid lot X denoto tIte Kullcarni surface
of genus g. Lot A? be tIte subgroup of O generatod It>’ A and let H be
tIte subgroup of O generated by A and .82. TItus [0: Ifl = [fi : A?] = 2.
Noto tItat Kcifi, ItoweverA? is not a normal subgroup ofO. Lot U denote
tIte upper ItaIf plane. Te eacIt of tIte suhgroups dofinod aboyo, we can
asseciate a FncItsian group. From (1), 0= Aif wItere A is tIte trianglo
greup (2, 4, 2g + 2), atid r is tIte normal subgroup of A gonorated by
R2AE2A~. Tliere aro tItreo points of X/G = U/A ramiflod in X = U/It
Te conform witIt netation lator un tIte paper, lot R, R~, and Ro be tIte
points of ramification 2,4 atid 2g + 2 rospectivel>’. It is easy te determino
tIte following information:
(1) Xix tIte covering of X,’G by X/H, both R and R~ are ramifled,
Itowever R
0 is unramified. Lot Q<j, and Q’ denote tIte points l>’ing
aboye Ro and lot Q~ denote tho point lying aboye R«,.
(2) In tIte cevering of X/H by X/k, Q<,~, is ramified. In addition,
exactí>’ eno of Qo and Qí is ramifled; wo cheoso our notation so
that Qo 15 ramifled, and Qí is unramified. Lot P~ denote tIte
point lying ever Q~, lot It1 aud 1’1 denoto tIte points lying evor
Q, and let Po denote tIte point lying over Qo.
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(3) TIte oní>’ ramification that occurs in tIte covering of X/K by X is
at P1, ~‘í, and at P0. TIte ramificatien indices at tIteso points are
2g + 2, 2g + 2 and g + 1 rospoctivol>’.
TIte determination of tIte automorpItisí greup of X is equivalent te
flnding tIte group of automorphisms of O(x, z), tIte function fleld of X.
We will froely werk with betIt tIte function flelds and tIte actual surfaces
and use tIte saxtie name fer aix automerphism of a surface and its induced
automorpItisí en tIte function fiold of tIte surfaco. From equation (2) we
seo that X (and consoquentí>’ O(x, z)) Itas tIte automorphism A(x) = a’,
A(z) = a, wItere e la a 29 + 2tIt reot of unity. Note that tIte Riemanix
sphere, with tIte associatod function fleld 0(x), is tIte orbit spaco X/A?.
Clearí>’ tIte peints a’ = O,x = —1, and a’ = 1 of tIte erbit space aro
ramifled inX witIt ramification indices g+1,
2g+2 and29+2 respectively.
Frem 3) tItose points correspond te Fo, It
1, and Pi.
We new determine tIte antornorpItism E
2; tItis will allow us te de-
termino tIte automorpItisí E. Rocail that < A,E2 >— H, atid fi/A?
induces automerpItisís of X/A? atid of tIte futiction flold 0(x). But
from 2) aboyo, we know un tIte cover of X/H by X/K, that P...
1 atid
Pí botIt lie over Q~, aud QQ is ramified. TItus tIte autemerphism B
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switcItes a’ = 1 and a’ = —1 and fixes a’ = 0. Recail that tIte automer-
phisí group of 0(x) is tIte group of linear fractional transfermatiens,
thus .82(x) = —a’. TIte Riemann surfaco with funetion field 0(x2) 15 tIto
orbit space X/H. Define y = 9. TIten QQ atid Qí are tIte points y = 0,
and y = 1. Note frem 2) tItat tIte point P«, is fixed by fi2~ TItus Q~,
corrosponds te y = oc.
Sinco [0 : = 2, tIte cosot EH induces an automorphism of X/H
and of tIte functioix fieíd 0(y). Frorn 1) we seo that y = O atid y = 1 are
interchanged by EH and y«, is fixed b>’ EH. TItus EH correspends te
tIte linear fractional transformation y i— 1 — y. Recalling that y =
this y’ields tItat EH(A) — 1 — a’2. l3ut examining (2) we seo that if we
define q and y by
_________ (g+1)/4 — ________________
q = ~ + 1)’ vq I’(a’ + 1)](s~’>/~’ (3)
tIten frem (2) we obtain
_______________‘~2 x2—1 (4)
~4= ([xcr+1w9±
’
>/2)
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TItus E(a’) = +ia’v2, where 1 = vGT. We cheose E(x) = —ia’v2; we will
seo later that E~(x) = ixv2.
Note tItat tIte Galeis group of O(x, z) ovor 0(x) is tIte cycic group
generatod by A. TItus for oach divisor o! of 2g + 2, O(x, z(~+2)/d) is tIte
unique subflold of O(x, z) wIticIt contains 0(x) as a subfield of index o!.
Note, in particular, that O(x, y) is tIte unique fleld which contains 0(x)
as a subfield of index 4.
It is left te determine .8(z). Neto that
ApplyingB te (4) and using (5) easily yiolds that
(zE(z))2 = ~ + 1)(—1xv2)(—ixv2 + 1), (6)
fer sorne integer r. TItus te determine .8(z) wemust fluid a squaro root of
x(x + 1)(—ixv2)(—ixv2 + 1). Lot u denoto such a square root. TIten
[O(x,v2,u) O(x,v2)] = 2, and tIte previous paragraph yields that
O(x,v2,u) = O(x,v). Thus u E C(x,v). Using this fact, a diroct cal-
culation yields that uf
fl ca’2y3 ± ica’v(x+1) (7)
whore c = (í + í)/2, tIten
u2 x(x + 1)(—ixv2)(—ixv2 + 1). (8)
We can new prove tIte following theororn.
Theerem. Lot (2) define tite Kulkarni aurface of gonus g. Lot tite fune-
tiona q, y ami u be define! as 1,. (8) ano! (7) ano! lot e be a 2g + 2tit
root of unity. Titen tite autornorpitiarn group of tite Kulkarni surface is
generated bu A ami B mitote
A(x) = a’, A(z) = a, .8(x) st —ia’v2, .8(z) = u/z.
In addition, titose autornor-pitisrns satisfy tite relationa (1).
Preof. A is obvieusly an automorpItism of (2). Te pravo E is an
automorpItisí it is sufficiont te show that
E (¿s+2 — Ox — 1)x9í(a’ + 1)9+2) — o. (9)
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Rut tIte left Itand sido of (9) is
— (—íxv2 — í)(—ixv2)~’(—ixv2 + l)~2. (10)
Using (2) and (8), (10) bocemos
[x(x + l)(—ixv2)(—Ixv2 + ~ — (—íxv2 — 1)(~ixv2)9’(~ixv2 + 1)9+2
(x — 1)x9’(x + 1)9+2
= (~ixv2)9I(~ixv2 + í)~~’ (x2(;íXV~)2 — (.~Ixv2 — 1)(~íxv2 + í>). (11)
Howovor, (4) yiolds that tIte tItird factor of lino (11) equals 0. TItus E
15 aix automerpItism of (2).
Note that
2 2¡ Z U
B(q) = 01xx(x+ 1)) = z2(~ixv2)(~ixv2 + 1>. (12)
TItus (8) iinplios
B(q) — x(a’ + 1) = 1/q. (13)
TItis immodiatel>’ implios that .8(v) = 1/y atid, sunco .8(x) = —ixv2,
that .82(x) = —x. Neto also frem (3) that A(v) =
We new shew that A andE satis& tIto rolatietis (1). Clearí>’ E~(x) =
a’, so wo shew tItat B4(z) = z. Rut
B4(z) = E3(u)B(u)z (14)
B2(u)u
Rut uf wo define a st cx2v3 atid ¡3 = cxv, tIten
uzza—IE(a)+i/3. (15)
Observe tItat B2(a) = a and .8(1)) st —if3 and, sunco A(v) = iv, tItat
A(a) = —ja, AB(a) = iB(a) and AQJ) = if3. A sItort calculation >‘iolds
E3(u)B(u) — uB2(u) = 2a2 + 2B(a)2 — 2132 = O.
TIte last equality oednrs bocauso of (4). TItis combinod with (14) yields
that B4(z) = z.
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Wo new show that EA Itas order 2. Clear)>’ BA(z) = cu/z, and
from (15) it is easy te deduce tItat EA(u) = u. TItis clear)>’ yields
EAEA(z) = z. Xt la straightforward te seo that EAEA(x) = a’, thus
EA Itas order 2.
Finally we yorifr tIte last rolation. Clearí>’ A(x) = x and E2(a’) = —a’
se B2AB2 (a’) — AQ+2(z) st a’. Te complete tIte yorification note that
E2A(z) = cE(u)z/u, A~~2B2(z) = A~~2(E(u)z/u) (17)
Sunco g + 1 ~ O mod 4, AU+í fixes botIt a’ and y, thus A~’ fixes both
u atid .8(u). TItus A~~2E2(z) = —EZAE(u)/A(u). A short calculation
shows
uAE(u) + A(u)B(u) = 2(~a2 + E(a)2 — ¡32) = 0.
TItus tIte two quantitios in (17) aro equal atid tIte last rolation is vorifled.
TItis preves tIte theorem.
Xix [21it is sItown that tIte Kullcarni surface admits tItreo nonconjugate
symmetries witIt fixed points. Te eacIt of these s>’mmotries, a deflning
equation fer tIte Kuflcarni surfaco can be found for wbicIt tIte symmetry
is given by conjugatien. Xix addition, sunco oacIt symmotr>’ Itas fixed
points, tIte deflning equations admit real selutions. Wo new detornune
tIte syrnmotries atid tItoir asseciated deflning equatiens.
Fer tIte remainder of tIte paper, we worlc exciusivol>’ with tIto fune-
tien fleid O(x, z) of tIte ICuilcarul surface. Recail that a s>’mmetr>’ of a
Riematin surface induces a symmetry of tIte futiction fleld of tIte surface,
in othor werds, a fleld autemorpItisrn of order 2 which fixes tIte real, but
net tIte complox, numbers. TIte symrnetry givon by conjugation of (2)
determines tIte following automorphism of C(x, z) ovor R:
a’, Z ~- Z, i — —2. (18)
Wo denote tItis autemerphism of C(x, z) by a. Note that y and q aro
real rational funotiotis of x and z, tItus «(y) = y and a(q) = q. It can
easil>’ be dotormined that Aa atid aB aro also syrnniotries of O(x, z).
We sItow new that tIte>’ oach he in distinct conjugacy classos.
(1) To show a is not conjugato te crE; assume that BrASaAaEr =
aB. Since A aud o- both lix a’, we obtain a’ = A8aA8(x) =
B—raBr+L(x). R>’ substituting r = 0, 1,2,3 wo ohtain a contra-
diction.
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(2) Te shaw a and Aa are not cenjugato, assumo that ErAaUASBr =
Aa. TIten isBr(v) = BrASU(v) = AaBrAa(v) = lsAaEr(v). ~
cail that Br(v) = y ifr la oven, and E~(v) = 1/u ifr la add. In
eitItor case we obtain a contradiction.
(3) Te sItew tItat Aa and aB aro net conjugate, 88-
sumo ErAaakAaakAsEr = aB. TIten AsakAaakAa(a’) =
E—raEr+l(a’), and a centradictien is obtained as ix (1) aboyo.
We new determino a deflning equation wIticIt yields A« as conj uga-
tion. Note that Aa(x) = x and that Ae}(1 + c)z) = (1 + c)z. Define
= (1 + <)2r2 and < = (1 + 4z. Multiplying (2) by tIte real, negativo
numbor n yields
((1 + c)z)2~~2—(1 + e)29+2(a’ — 1)x~1(a’ + 1)9+2 = 0. (19)
TItus
— ec(x — í)a’~’(x + 1)9+2 — 0. (20)
TItus (20) is an oquatien for tIte Kullcarni surfaco with real coefflcients,
atid for wIticIt cemplex cenjugation is tIte map:
C=(í+e)zfr.C, a’~-a’ n——~. (21)
TItis is procisel>’ tIte same automorpItism as Aa. In addition, sinco n is
negativo, wItonover O < x < 1, (20) admits a real solution fer C. TItus
(20) is a dofining equation for a s>’mnxetry with fixed points.
We new determine aix oquation whicIt exItibits tIte symmetr>’ «E as
conjugation. Recail tItat y Y 3 mod 4. Fer this section, we assume tItat
g=7. Observe tItat A~~’ and E com.mute. TItis follows frem (1), sunco
— A1A9+2BAP+2A1 — A’(E2AB2)E(B2AE2)A1
(22)
2 1 1 2
— A’B2AEAE A = A BE A’ = E.
TItus A9+í and .8 gonerate an abolian subgraup M Y Z4 x Z
2 of ordor
8. Lot E denote tIte subfleld of O(x, z) wIticIt is fixed b>’ M. The oní>’
eíements of arder 2 un M are A9+í, fi2, and 8
2A9+í. TItus tliere are
oxactí>’ tItree maximal subfiolds of O(x, z) wIticb contain E.
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We malce tIte following doflnitions:
y q
t=q±í/q, r=v+1/v, s+. (23)
q y
Note that if g st 3, tIten ¿ = r and $ = 2. For tItis roason, we assume that
g =7. Sunco y 15 a pewor of q, (13) >‘iolds that oach of theso oloments is
fixed b>’ M. Xix additien, it la clear that each of r atid a can be exprossed
as a po]ynomial un t. Note tItat [0(q) : 0(t)] = 2, atid from (4) and (3),
we obtain that [O(x,q) : 0(q)] = 2 atid [O(z,x) O(x,q)] = 2. TItus
[O(a’, z) : 0(t)] = 8, and tItus 0(t) st E.
We noto tItat {í, a’, z, xz} 15 a basis for O(x, z) over C(q). From 9 =
qx(x + 1), and a’2 st 1/(1 — y4) we deduce that
1 _ (1—v4)(x(v4—1)+1
x(x+1)
1— z _ (1— v4)(x(v4 —1) + 1)zqa’(a’±1)— qv4
atid
.8(z) ~ _ zx(v”— 1)(i+i)+z(i(v2+ 1) —v2+1
z 2qv
We noto tItat O(x, q) consists of tIte elements of O(x, z) whicIt aro
fixod b>’ A~1. If it
0 E O(x,z), tIten E
4(ito) = ito. TItis loads us te
censider wItetItor tItore exists ito E O(x, q) such that .8(ho) = it
0. Thoro
are man>’ sucIt olements. Defino
vi(i -r í)(v
4 — 1)x
_ 2v (24)
Wo note that .8(h) = it and «.8(t) = it. Xix addition, since it is fixed by
~ but not h>’ .82, we obtain tItat [C(it, t) : 0(t)] = 4 atid
~ —(ZA — 1)2 = —r2(r2 —4). (25)
We new determine aix elomont which is fixed by E but not by A9+l.
A natural candidato is
zx(v4 — l)(l + i) + z(í(v2 + 1)— y2 + 1
2qvjo:= z+B(z)+B2(z)+B3(z)= 2+
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z(x(v4 — 1) ±1) z(x(zA — 1) — (y2 — 1)) — iz(x(v4 — 1) + u2 + 1
)
u2 + 2qv
z(v2— 1)(v2x+x— 1)(v—q
qv2
However .~2 2(v — q)2 _ 2(s —2
= q(v2 ±1)~~ r . (26)
In erder te avoid fractions, we instead consider
~ _ ~/~z(v2+í)(vq)(x(v41)v2+1)• (27)2 — 2qv3
TItus .8(j) = j, and «.8(j) = j. Since A9~’(z) — —z, we Itave A~~’(j) =
—j. In addition,
•2 _ (y2 + í)(q — y)2 r(a —2). (28)
_ qv2
Note that j ~ O(h, t) since jis net fixed by ~ TItus C(j, it,.) =
O(x,z). A basis for C(t,j,t) ovor 0(t) is given b>’
{1, it, it2, it3, j, it, it2, jit3}.
Defino ( = it + j. Recail tItat tIte maximal subflelds of C(x, z) which
contain 0(t) are fixod b>’ an eloment of O of order 2. Howevor E2(C) =
E2(it + j) = ~t + j, A~’(<) —i A9~1(t + j) = it — j and E2A9~’(C) =
—it — j. TItus 0((, t) = O(z, x). TIte minimal polynomial of ( «ver 0(t)
will yield a defining oquation for tIte Kullcarni surfaco. It is easil>’ coy-
puted as follows. Wo defino
E’
2 = (T — d(T —
=~~2 —2hT+h
2 j2T2—2itT+it2—r(s2).
We defino
E
4 = (F2)B
2(F
2) = (T
2—2itT+t2 —r(s—2))(T2+2itT+it2—r(s—2))
= T4 — 2(t2 + r(a — 2))T2 — 2t2r(s —2) — r2(r2 — a2 + 4(s —2)).
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TIte minimum polynomial 15 F = (F4)B(F4). TItus
E’(() = <8 4r(a — 2)41 + 2;
2(r2 + 3~2 — 12s + 8)<4 (29)
~
TItis palynomial can be written more compactí>’ as:
((<2 r(s — 2))2+r2(r2 — 4))2+ 16r3(a—2)(r2— 4)42~0, (30)
er rocalling that ~ — r(a —2) 6 0(t) and it4 = —r2(r2 —4) E 0(t), es
(«2 — j2)2 — it4)2 — 16it4j2<2 = 0. (31)
It remains te expross r and a in torms of t. Define tIte polynomials
f,.(t) by
fn(t)=q”
q
Note tItat f,.(t) satisfios tIte rocurronco relatien
fn+í(t) = tf,.(t) — fn.-í(t), fo = 2, fi = t. (32)
Using tIte elementar>’ tIteor>’ of recurrenco relations (32) Itas tIte cíesed
form:
f,.(t)= (t+v7~r74Y±(¿—vrr92”
But (33) is oasily seen te yield
f(t) = 1 [n/2] ¡ns,. (¿2
4)k (34)>3 12lv 1~2
wItere [n/2] is tIte greatest integor loss tItan er oqual te ti/2. WitIt tItis
notation, r = f~+í)/4 and a = f(
9..a)/4~ and thus (29) can be expressed
entirel>’ un terms of 4 and t.
TItus (29) is a defining equation for tIte Kulicarni surface. Note that
cemplox cenjugatien is tIte map:
(í—<, q+1/q=té—t, ‘‘-.4—’.
TItis la preclaely tIte automorphism «E. TItus (29) is aix oquation for tIte
Kullcarni surface which exItibits «E as conjugation.
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We verify tItat (30) admits real solutiotis, and tItus that cemplex
conjugation of (30) Itas fixed peints. Lot O be aix>’ real number sucIt tItat
ir/2 < O < ir. Xn (23) defino
401
q =
TItus
01 61 <p—3)0i —(0—3)0
.
r=e -4-e , a=e ~+1 +o 9+1
TItus —2 < r < O and, sinco g =7, —2 < a < 0. In (30), lot r and a
be defined as aboye, atid lot <2 st r(s — 2). Sunco r(s —2) is positive, <
is reaL WitIt tIteso substitutiens, tIte left Itand sido of (30) equals
— 4)(r2 —4-1- 16(s — 2)2) < 0.
WitIt tIte same deflnitiens fer r and a, tIte loft Itand sidoof (30) la positivo
fer largo, real values of ~. TItus (30) adinits real selutions.
1 weuld lilce te expross vn>’ gratitude te Emilio Bujalance for suggest-
ing tItis preblem te me and for Itis constant support and encenragoment.
1 also wish te tItank Jose Manuel Gamboa and Antonio Cesta fer tlieir
Itolpful conversatiens concorning tItla tepic.
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